James Arthur
To John Coates on his sixtieth birthday 1. Introduction. Suppose that G is a connected reductive algebraic group over a field F of characteristic 0. For example, we could take G to be the group SL(n) of unimodular (n × n)-matrices. We assume for a moment that F is any local field. In other words, F is a finite extension of either the archimedean field R or a nonarchimedean p-adic field Q p .
One of the fundamental problems of local harmonic analysis is to classify the set Π(G) of equivalence classes of irreducible representations of G(F ). The problem separates naturally into two parts. The first is to establish the local Langlands correspondence. This conjecture of Langlands asserts that Π(G) is a disjoint union of finite subsets Π φ , indexed by (equivalence classes of) Langlands parameters φ for G. The sets Π φ are called L-packets, since their constituents could then be equipped with a common set of L-functions and ε-factors, by the constructions of [T, §3-4] and [B, §12] . The second part of the problem is to classify the representations in a given packet Π φ . One would like to characterize them directly in terms of data attached to φ.
For archimedean F , the classification was established in general by Langlands [La2] , Knapp and Zuckerman [KZ] , and Shelstad [S2] . For nonarchimedean F , the classification has been established in case G = GL(n) by Harris and Taylor [HT] and Henniart [H] . The packets Π φ for GL(n) each contain one element, so the second part of the problem is trivial in this case. For more general p-adic groups, the problem remains open. The purpose of this note, which is partly expository, is to describe a conjectural characterization of the L-packets Π φ attached to a general p-adic group G. In particular, we shall give a conjectural formula for the number of elements in any such packet.
We assume from now on that the local field F is nonarchimedean. A Langlands parameter for G is an L-homomorphism
from the local Langlands group
We recall that W F is the Weil group of F , that G is the complex dual group of G, and that W F acts on G through its projection onto a finite quotient of the absolute Galois group
An L-homomorphism in this context is continuous and semisimple (in the sense that projection of φ(w) onto G is semisimple for every w ∈ W F ), and commutes with the two projections onto W F . We say that φ is G-relevant if any parabolic subgroup L P of L G that contains the image of φ corresponds to a parabolic subgroup P of G that is defined over F . Let Φ(G) be the set of equivalence classes of Langlands parameters for G, taken with respect to the relation defined by G-conjugacy. The local Langlands conjecture asserts that Π(G) is a disjoint union over φ ∈ Φ(G) of finite packets Π φ .
Suppose that φ represents a class in Φ(G). The centralizer
in G of the image of φ is a complex reductive subgroup of G. If φ is replaced by another representative φ 1 of its equivalence class in Φ(G), there is an isomorphism from the associated group S φ 1 onto S φ , which is uniquely determined up to conjugacy in S φ . We shall write
where Z( G) Γ is the group of invariants in the center Z( G) of G under the action of the Galois group Γ. Then S φ,ad is a reductive subgroup of the adjoint group G ad of G. Finally, we form the group
Γ of connected components of S φ,ad . This is a finite group that is determined up to inner automomorphism by the class of φ in Φ(G).
Let Φ temp (G) be the subset of classes in Φ(G) represented by Langlands parameters φ whose image projects onto a relatively compact subset of G. These are the classes whose corresponding L-packets Π φ should consist of representations that are tempered, in the sense that their characters are tempered distributions on G(F ). One can represent a general element in Φ(G) by a twist
where φ represents a class in Φ temp (G), z is a suitable point in S 0 φ , and ord(w) is the (additive) valuation of the element in F * onto which w projects. Using the Langlands correspondence for split tori, one can identity z with an unramified quasicharacter of a Levi subgroup of G whose L-group contains the image of φ. It can be used to deform the corresponding induced representations from which the packet Π φ would be constructed. In fact, if φ is chosen suitably (relative to φ z ), there should be a bijection π → π z from Π φ to Π φz , obtained by taking Langlands quotients of corresponding deformations of tempered representations π by z. A suitable characterization of the representations in Π φ would therefore automatically yield a corresponding characterization of the representations in the packets Π φz . It would therefore be sufficient to consider the case that φ belongs to Φ temp (G).
Suppose that G is quasisplit, and that φ represents a class in Φ temp (G). In this case, it is generally believed that there is a bijection
from Π φ onto the set of irreducible characters of S φ . This bijection would depend on normalizations of Langlands-Shelstad transfer factors, and would therefore not be completely canonical. However, it ought to be well defined up to the action of the group of one-dimensional characters of S φ on the set of irreducible characters. This bijection was established for G = SL(2) in [LL] . (See also [S1, §11-12] and [La1, §IV.2] .) Variants were established for real groups in [S2] , and split p-adic groups in [KL] .
Our goal is to formulate a generalization of this conjectural bijection. We shall state a general characterization of the packets Π φ in §3 as a formal conjecture. I am not sure to what extent the conjecture is new. Variants were established for real groups in [AV] and adjoint p-adic groups in [Lu] , and were stated for general p-adic groups in [V] . The conjecture might simply be a reformulation of some of the constructions from [V] . In any case, our emphasis will be somewhat different. We are going to focus on the transfer factors of Langlands and Shelstad. In particular, we shall use an equivariance property for automorphisms of endoscopic data, which can be derived from the definition [LS] of transfer factors, to illustrate how the general situation differs from the quasisplit case.
The equivariance property is in fact at the heart of the paper. It provides both motivation and evidence for the general conjecture. Its proof is not difficult, but will be given elsewhere in the interests of brevity. Its formal statement, formula (3.1) of §3, does require a short excursion into the theory of endoscopy. This makes the paper somewhat technical in places, despite its claim of being partly expository.
I would like to thank the referee for a number of thoughtful suggestions and remarks.
2. Transfer. Assume that G is a general (connective, reductive) group over F . If φ represents a class in Φ temp (G), the conjectural L-packet Π φ should be defined in terms of Langlands-Shelstad transfer mappings. As correspondences of functions in Hecke algebras, these mappings remain conjectural. However, Waldspurger has shown that their existence is implied by the fundamental lemma [W1] . Recently, Laumon and Ngo [LN] and Waldspurger [W2] have established the fundamental lemma for unitary groups. The Langlands-Shelstad mappings therefore exist for any unitary group over F . We assume henceforth that they exist for our given G.
The transfer mappings are attached to endoscopic data (G , G , s , ξ ) for G [LS, (1. 2)], which we often denote simply by the symbol G . Thus, G can be regarded as a quasisplit group with some extra structure. The three extra components are a split extension G of W F by a dual group G of G , an L-embedding ξ of G into L G, and a semisimple element s ∈ G whose connected centralizer equals the image ξ ( G ) of G , and which we can also assume commutes with the image
Endoscopic data can be motivated in terms of Langlands parameters. Suppose that
The point s lies in the centralizer S φ , and its Z( G) Γ -coset s is a semisimple element in the subgroup S φ,ad of G ad . Conversely, given any pair (φ, s), we can construct an associated endoscopic datum (G , G , s , ξ ). We take s to be any representative of s in S φ , G to be the product
where G is the connected centralizer of s in G, ξ to be the identity L-embedding of G into L G, and G to be any quasisplit group over F for which G is a dual group (relative to the L-action of W F on G defined by G ). One could always compress the set of all endoscopic data by identifying s with its Z( G) Γ -coset in G, G with its image ξ (L F ) in G, ξ with the identity L-embedding, and G with its isomorphism class (with the extra structure that specifies the isomorphism between any two groups in the class is up to inner automorphisms). With this interpretation, the mapping
becomes a bijection. We will be interested in the restriction of the mapping to pairs (G , φ ) that are G-relevant, in the sense that the corresponding Lhomomorphism φ is G-relevant.
There is a broader equivalence relation on the set of pairs (G , φ ), defined by the notion of isomorphism of endoscopic data [LS, (1.2) ]. (We will review this notion at the beginning of the next section.) There is also an equivalence relation on the set of pairs (φ, s). It is defined by projecting s to the quotient S φ of S φ,ad , and then letting G act by conjugation. For example, the equivalence class of a G-relevant pair can be identified with (the class of) a Langlands parameter φ ∈ Φ(G) and a conjugacy class s in S φ . It is not hard to show that the mapping (2.1) lifts to a surjective mapping between the two families of equivalence classes, with finite fibres. We say that (G , φ ) is elliptic if the group S φ,ad is finite, which is to say that it equals S φ . A similar notion makes sense for pairs (φ, s). The mapping (2.1) restricts to a bijection between families of equivalence classes of elliptic pairs.
We return to the description of transfer mappings. The Langlands-Shelstad transfer mapping for a given endoscopic datum G is defined in terms of a transfer factor ∆. We recall that ∆ depends on the choice of a suitable central extension
It is a function ∆(δ , γ) of a strongly G-regular, stable conjugacy class δ in G (F ) and a strongly regular conjugacy class γ in G(F ). Once G and ξ have been fixed, ∆ is then determined up to a multiplicative constant of absolute value one. It is ( η ) −1 -equivariant under translation of δ by C (F ), where η is a character on C (F ) determined by ξ . The transfer mapping sends a function f in the Hecke algebra
is the invariant orbital integral of f at γ. Our assumption is that as δ varies, f (δ ) is the stable orbital integral of some function in the equivariant Hecke algebra
We shall also need to grant one of the basic tenets of the conjectural theory of endoscopy. It is the existence of a natural stable character
for any Langlands parameter φ. Our interest is not so much in this property for G, but rather in its analogue for the quasisplit groups G attached to G. This is what we assume. Suppose that φ is an L-homomorphism from L F to G , as above. The composition
is then a Langlands parameter for G , whose corresponding stable character could be integrated against the function f (δ ) of δ . This would provide an invariant distribution
Indeed, the function f (δ ) is ( η ) −1 -equivariant. Both the stable character Θ( φ , δ ) of φ , and its normalization
by the Weyl discriminant are supposed to be η -equivariant under translation of δ by C (F ). We can therefore define the distribution on G(F ) as an integral
relative to a suitable measure on the space of strongly regular, stable conjugacy classes in G (F ). We would assume that Θ( φ , ·) is a finite linear combination of irreducible characters on G (F ). The convergence of the integral is then a consequence of Harish-Chandra's theory of p-adic characters, and the general structure of the transfer factor ∆(δ , γ). Defined in this way, the distribution does not actually depend on the Langlands-Shelstad transfer conjecture. However, it relies on the existence of a stable character attached to φ , which is undoubtedly deeper.
As the notation suggests, the distribution f (φ ) depends on φ rather than φ . In other words, it is independent of the choice of G and ξ . A variation in the choice of ξ , for example, is compensated by a corresponding variation in the composition φ = ξ • φ . However, f (φ ) does still depend on the choice of transfer factor ∆. We can think of ∆ as a family of transfer factors, one for each choice of ( G , ξ ), which satisfy natural compatibility conditions as these choices vary. This object, which we can call a transfer family for G , is uniquely determined up to a multiplicative constant of absolute value one. The same is therefore true of f (φ ).
Given what we have assumed, the distribution f → f (φ ) on G(F ) can be seen to be a linear combination
of irreducible characters. The linear form
here is the character of the irreducible representation π ∈ Π(G), while the coefficient ∆(φ , π) is a complex number that depends in the obvious way on the choice of transfer family ∆. As we have noted, the composition φ = ξ • φ is a Langlands parameter for G. If φ is any G-relevant Langlands parameter, the L-packet Π φ could be defined as the set of π for which the coefficient ∆(φ , π) does not vanish for some pair (G , φ ) that maps to φ. To establish the local Langlands classification, one would need to show that the packets Π φ are finite, disjoint, and have union equal to Π(G).
Our concern here is in the supplementary question of how to characterize the representations in a given packet Π φ . We shall recall the precise form of the conjectural parametrization in case G is quasisplit over F .
Assume that G is quasisplit, that φ is a fixed Langlands parameter for G, and that s is a semisimple element in S φ,ad . Let (G , φ ) be the pair that maps to (φ, s), in the sense above. It is then not hard to show that the linear form
depends only on the isomorphism class of (G , φ ) (defined by isomorphism of endoscopic data). Implicit in this assertion is the fact that the transfer family ∆ for G relative to which f (φ ) is defined has a canonical matching transfer family for any endoscopic datum isomorphic to G . (See [A2] .) In fact, f (φ ) can be seen to depend only on the image (φ, s) of (G , φ ) under the mapping above. The upshot is that we can regard f (φ ) as an invariant of the G-orbit of (φ, s) (and an element ∆ in the U (1)-torsor of matching transfer families). The same is therefore true of the coefficients ∆(φ , π).
Assume now that φ is tempered, in that it represents a class in Φ temp (G). The conjectural parametrization of the representations in the packet Π φ is as follows. There should be a U (1)-valued function
with the following properties:
(ii) For any representation π ∈ Π φ , the function
depends only on the image of s in S φ , and lifts to an irreducible character on S φ .
(iii) The mapping
is a bijection from Π φ onto the set of irreducible characters on S φ .
In particular the number of representations in Π φ should be equal to the number of conjugacy classes in S φ . The function ρ(∆, s) would not be unique. However, it would clearly be uniquely determined up to multiplication by a one dimensional character on S φ .
The conjectural characterization of the packet Π φ we have just described for quasisplit G seems to be part of accepted lore. However, fails in general. For example, it does not hold if G is the subgroup of elements of norm 1 in a quaternion algebra over F . In this case, Labesse and Langlands [LL] describe parameters φ for G such that the pairing s, π , defined for any function ρ(∆, s) as above, fails to be a character on S φ . This failure turns out to be related to the behaviour of the transfer mapping f → f under automorphisms.
3. A conjecture. We return to the case that G is an arbitrary connected reductive group over the local p-adic field F . The transfer factors then depend implicitly on one other choice, that of a quasisplit inner twist for G. This is an isomorphism ψ : G −→ G * from G to a quasisplit group G * over F such that for every element σ in the Galois group Γ = Gal(F /F ), the automorphism ψ • σ(ψ) −1 of G * is inner. In case G itself is quasisplit, one usually takes ψ to be the identity mapping, so the implicit dependence on a choice of ψ is not relevant to the discussion at the end of the last section. In general, we write
for the center of G * sc , the simply connected cover of the derived group of G * . There is a remarkable classification of inner twists, which relies ultimately on local class field theory. It takes the form of a canonical bijection
from the set of isomorphism classes of pairs (G, ψ) attached to a given G * onto the group of characters ζ G on the finite group Z Γ sc of Γ-invariants in Z sc . (See [K, Theorem 1.2]. The first set is bijective with the Galois cohomology set H 1 (F, G * ad ), essentially by definition. This set in turn is mapped bijectively onto the group of characters on Z Γ sc by the appropriate duality theorem.) We use ψ to identify G * with the dual group G of G. In particular, we identify Z sc with the center Z( G sc ) of the simply connected cover of the derived group of G. We are interested in the character ζ G on Z Γ sc attached to the pair (G, ψ). The notion of an isomorphism of endoscopic data, mentioned in §2, is central to our discussion. We should therefore review the definition from [LS, (1. 2)], where it was introduced only in the form of an equivalence relation on endoscopic data. An isomorphism from (G , G , s , ζ ) to (G 1 , G 1 , s 1 , ξ 1 ) is an F -isomorphism α: G → G 1 that is dual to an isomorphism induced by conjugation by an element in G. More precisely, α comes with the supplementary data of an L-isomorphism β: G 1 → G and an element g ∈ G that satisfy natural compatibility conditions. Namely, the isomorphisms
of canonical based root data induced by α and β are dual, the embeddings ξ and Suppose that α is an isomorphism between endoscopic data G and G 1 , as above. If φ is an L-homomorphism from L F to G , the function
obtained by varying α that provides the isomorphism class of pairs (G , φ ) mentioned in §2. If ∆ is a transfer factor for G (with an auxiliary datum ( G , ξ )), the function
is a transfer factor for G 1 (with a corresponding auxiliary datum ( G 1 , ξ 1 ) and a suitable extension of α from G to G 1 ). In fact, if ∆ represents a transfer family for G , α∆ represents a transfer family for G 1 . Suppose that the L-homomorphism φ above is G-relevant. It is then a consequence of the definitions that
We write Aut G (G ) for the group of automorphisms of the endoscopic datum G , and Int G (G ) for the subgroup of elements in Aut G (G ) for which the F -rational automorphism α of G is inner. The quotient
is then a finite group of F -outer automorphisms α of the group G . Any α in this group comes with an element g = g α in G that is uniquely determined modulo the connected subgroup ξ ( G ) of G. Given G (as an endoscopic datum), let s be a point in the preimage in G sc of the image s ∈ G ad of the point s ∈ G attached to G . For any given α ∈ Out G (G ), let g α be any point in G sc that projects to the image of g α in G ad . It is then easy to see that
on Out G (G ) obtained from ζ G describes the behaviour of transfer under automorphisms. Suppose that ∆ is a transfer family for G . Then for any α ∈ Out G (G ), α∆ is also a transfer family for G . The point we wish to emphasize is that α∆ may not be equal to ∆. One shows in fact that
(See [A2, §2] .) This means that transfer families cannot be assigned in a consistent way to the endoscopic data in a given isomorphism class. One could summarize the situation by saying that the principal U (1)-bundle of transfer families over the space of endoscopic data in a given isomorphism class need not have a section. (This point was overlooked in several of the papers leading up to the stable trace formula [A1] . The necessary modifications are minor, and will appear elsewhere.)
In particular, suppose that
is a Langlands parameter for G. If s belongs to S φ,ad , there is a pair (G , φ ) that maps to (φ, s).
This pair is unique if we compress endoscopic data according to the innocuous convention in §2. Let T (φ, s) be the U (1)-torsor of transfer families attached to G and G . We can regard T (φ, s) as the fibre of a principal U (1)-bundle on the G-orbit of the pair (φ, s) [A2] . The point is that this bundle may not have a continuous section. We get around the problem by introducing an extension of the group S φ,ad .
Given φ, we define S φ,sc to be the preimage of S φ,ad in G sc . This group can also be characterized directly in terms of the image φ(L F ) of L F in L G. The points in φ(L F ) act by conjugation on the group G sc . It follows from the definitions that S φ,sc is the subgroup of points s ∈ G sc such that for every λ ∈ φ(L F ), the commutator z( s, λ) = λ sλ
where z ∈ Z sc is independent of λ, λ acts on z through its projection onto the Galois group Γ, and z λ lies in the kernel of the mapping of Z sc into Z( G). It is clear that S φ,sc is an extension of S φ,ad by the center Z sc . We set
The group Z sc thus acts transitively on the fibres of the projection s → s from S φ to S φ . It therefore acts transitively on the fibres of the projection
where Γ( S φ ) and Γ(S φ ) denote the sets of conjugacy classes in S φ and S φ respectively. We define Γ(S φ , ζ G ) to be the image in Γ(S φ ) of those classes in Γ( S φ ) whose stabilizer in Z sc is contained in the subgroup of Z Γ sc on which the character ζ G equals 1. Then Γ(S φ , ζ G ) is a subset of Γ(S φ ) that is in general proper. I do not know whether it is always nonempty.
where ζ ρ is a fixed character on Z sc whose restriction to
depends only on the image of s in S φ , and descents to an irreducible character on S φ .
is a bijection from Π φ onto the set of irreducible characters on S φ whose central character on Z sc equals ζ ρ .
(b) The number of representations in Π φ equals the number of classes in the subset
Remarks. 1. We reiterate that we have had to make two assumptions in order even to state the conjecture. They are the existence of the transfer mapping f → f , and the existence of the stable distribution on G (F ) attached to φ . With these assumptions, the left hand side of (2.2) is defined, and so therefore are the coefficients ∆(φ , π) in the expansion on the right hand side. The coefficients of course intervene in the property (a)(ii). They are an essential part of the conjecture.
2. The equivariance formula (3.1) is another essential ingredient, even though it is only implicit. Its proof in [A2] will be accompanied by more detailed discussion of some of the formal properties of endoscopy we have introduced here. At the end of the next section we shall try to show by example that (3.1) is at least suggestive of the conjecture.
3. The character ζ ρ in (a)(i) might seem odd at first glance, insofar as it is defined on a group Z sc that properly contains Z Γ sc in general. We shall discuss its meaning at the beginning of the next section.
4. The quotient s, π is independent of the transfer family ∆. Since it is assumed also to depend only on the conjugacy class of s, it can be regarded as an invariant of the G-orbit of (φ, s). The normalizing factor ρ(∆, s) in the definition of s, π can be interpreted as a G-invariant section of the U (1)-bundle of transfer families over the G-orbit of (φ, s).
The function ρ(∆, s)
will not be unique. It seems reasonable to expect it to be well defined up to multiplication by a one-dimensional character on S φ that is trivial on the image of Z sc . However, I have not been able to show that this is so.
6. If the center of G is connected, the derived group of G is simply connected, and Z sc is contained in the center of Z( G). In this case, the conjecture is closely related to the discussion of [LS, (4.2) ]. This was pointed out by Kottwitz, following earlier observations of Vogan.
7. If G is an adjoint group, a parametrization of certain packets Π φ was established in [Lu] . In case G is an inner form of the adjoint split group G * = SO(2n+1), Moeglin and Waldspurger [MW] have shown that the parametrization in [Lu] coincides with that of the conjecture above.
8. Analogues of the conjecture were proved for real groups in [AV] , and were stated for p-adic groups in [V] . However, transfer factors do not appear to have an explicit role in these papers. It would be an interesting exercise to relate the Langlands-Shelstad transfer factors for real groups in [LS] directly to geometric constructions in [AV] and [ABV] . Perhaps this would suggest geometric interpretations for the various components of the more complicated p-adic transfer factors.
Observations.
We shall add some further observations, which are of an entirely elementary nature. The character ζ G that determines G as an inner twist is defined on the subgroup Z Γ sc of Z sc . The functions s, π attached to Π φ are supposed to have fixed central character ζ ρ on Z sc . We are thus proposing an extension of ζ G to a character on the larger group Z sc . What is its role?
Consider the canonical mapping of Z sc into the abelianization
of S φ . We claim that the kernel
of this mapping is contained in the subgroup Z Γ sc of Z sc . To see this, suppose first that s 1 is any element in the derived group S φ,sc,der of S φ,sc . Then s 1 is a product of commutators
for points z( t, λ) and z ( u, λ) , we combine the two identities to conclude that λzλ −1 = z for any λ ∈ φ(L F ), and hence that z is Γ-invariant. The kernel Z φ,sc,der is therefore contained in Z Γ sc , as claimed.
We can form three chains of subgroups
The groups in the upper chain have already been defined. The three left hand groups in the middle chain are defined as quotients by Z 0 sc of the corresponding groups in the upper chain. The two left hand groups in the lower chain are quotients by Z φ,der of corresponding groups in the middle chain. In particular, the groups Z
are the images of Z Γ sc and Z sc respectively in S φ,ab . (Observe that the notation for the groups that are subquotients of Z sc is inherited from S φ,sc and S φ , rather than being intrinsic to the groups themselves. In particular, Z φ,der is not the derived group of Z φ , Z Γ φ is not the group of Γ-invariants in Z φ , and Z φ,ab is not the abelianization of Z ϕ .)
The canonical mappings
are isomorphisms. Any extension of the character ζ G from Z Γ sc to Z sc is therefore uniquely determined up to multiplication by a character on the finite abelian group Z φ,ab / Z Γ φ,ab . But a character on Z φ,ab / Z Γ φ,ab can be extended to a character ξ on S φ,ab / Z Γ φ,ab , which is uniquely determined up to multiplication by a character on the quotient
We can of course treat ξ as a character on S φ / Z Γ φ , which is uniquely determined up to multiplication by a character on the quotient
If ρ(∆, s) satisfies the conditions of the conjecture, so does the product
We can therefore arrange that the Z sc -central character ζ ρ of ρ be any extension of ζ G to Z sc , simply by multiplying ρ by a character on S φ / Z Γ φ . The role of the extension of ζ G to Z sc in the conjecture is therefore insignificant.
Of course, we could also modify ρ by multiplication with a more general character on S φ . This has the effect of transforming the Z sc -central character ζ ρ of ρ to a character whose restriction to Z Γ sc differs from ζ G . We are assuming that φ is G-relevant. It is not difficult to establish from this condition that ζ G is trivial on the subgroup Z 0 sc of Z Γ sc , and therefore descends to a character on the quotient Z Γ φ of Z Γ sc . If ζ G is trivial on the larger subgroup Z φ,sc,der , it can be regarded as a character on Z Γ φ that is trivial on the subgroup Z φ,der , and hence as a character on the quotient Z Γ φ,ab of Z Γ φ . In this case we can transform ρ by a character on S φ so that it lifts to a function on the quotient S φ of S φ . The hypothetical classification of Π φ is then no different from that of the quasisplit case. On the other hand, if ζ G is nontrivial on Z φ,sc,der , its restriction defines a nontrivial character on the subgroup Z φ,der of S ϕ,der . In this case, it cannot be removed by multiplying ρ by a character in S φ . The hypothetical classification is then genuinely different from that of the quasisplit case.
In summary, the hypothetical objects of the conjecture are determined (at best) only up to translation by a character on S φ . If we allow the character to be nontrivial on the image of Z sc in S φ , we can modify the extension ζ ρ of ζ G to Z sc . If we also allow it to be nontrivial on the subgroup Z Γ sc of Z sc , we can sometimes even modify the restriction ζ G of ζ ρ to Z Γ sc . However, since ζ G is canonically attached to the inner twist (G, ψ), we may as well consider only those characters of S φ that are trivial on the image of Z Γ sc . Consider the assertion (b) of the conjecture. Suppose that z ∈ Z sc stabilizes the conjugacy class in S ϕ of an element s ∈ S φ,sc . Then z s = sz = t s t −1 s 2 for elements t ∈ S φ,sc and s 2 ∈ S 0 φ,sc . We can therefore write z = s 1 s 2 , for elements s 1 = t s t −1 s −1 and s 2 = s s 2 s −1 in S φ,sc,der and S 0 φ,sc respectively. It follows that z belongs to Z φ,sc,der , and hence that z lies in Z Γ sc . The stabilizer in Z sc of any conjugacy class in S φ is thus contained in the subgroup Z Γ sc of Z sc . Since the restriction of ζ ρ to Z Γ sc equals ζ G , it then follows that the space of ζ ρ -equivariant class functions on S φ has dimension equal to the order of the set Γ(S ϕ , ζ G ). The number of irreducible characters θ ρ on S φ with Z sc -central character ζ ρ is therefore equal to the order of Γ(S ϕ , ζ G ). Part (a) of the conjecture asserts that the set of such characters is bijective with the set Π ϕ . The second part (b) of the conjecture is therefore implied by (a).
For purposes of illustration, suppose that the group S ϕ is abelian. This is the case, for example, whenever G is a classical group. The extension
is then metabelian (an extension of an abelian group by an abelian group), and any commutator in S ϕ lies in the normal subgroup Z φ . The derived group S ϕ,der of S ϕ therefore equals the subgroup Z ϕ,der of Z Γ φ . Suppose that s belongs to S ϕ . If t belongs to S φ , we write
for a point z(t) in Z φ,der . Now any element s ∈ S φ that projects to the image s of s in S φ determines a pair (G , φ ) that maps to (φ, s) . Suppose that t is a representative of t in S φ such that the adjoint actions of s and t on the reductive group S 0 φ simultaneously preserve a splitting. It is then easy to see that the action of Int(t ) on G defines an element α(t) in Out G (G ). In fact, α(t) belongs to the subgroup Out G (G , φ ) of elements in Out G (G ) that stabilize the G -orbit of the L-homomorphism φ from L F to G . As t varies, we obtain a surjective homomorphism t −→ α(t) from S ϕ onto Out G (G , φ ) such that z α(t) = z(t).
Thus, when S φ is abelian, the derived group Z φ,der = S φ,der is generated by automorphisms of endoscopic data. We recall that it is this group that governs whether the conjectural structure of the packet Π ϕ will be materially different from that of the quasisplit case. The question is whether the character ζ G on Z Γ ϕ is nontrivial on the subgroup Z φ,der . The answer is therefore determined in this case by the known equivariance property (3.1) of the transfer mapping under automorphism.
Finally, let us consider a further special case. Suppose that G is the subgroup of elements of norm 1 in a quaternion algebra over F . Then G is an inner twist of the split group SL(2), corresponding to the nontrivial character ζ G on the group for any pair (G , φ ) that maps to φ. This is just what was established in [LL] .
(See [S1, §12(B) ].)
We have concluded our brief observations on the conjectural parametrization of the packets Π φ . These remarks all pertain to elementary properties of the group S ϕ . They are intended to provide motivation for the conjecture, and perhaps also some circumstantial evidence. More serious support might be found in the orthogonality relations satisfied by the representations π ∈ Π φ , and properties of the numbers ∆(φ , π) related to expected global multiplicity formulas. We shall not discuss such questions here. All being well, we shall take them up (in the context of classical groups) in [A3] .
